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Gluck has proven that triangulated 2-spheres are generically 3-rigid. Equivalently, planar
graphs are generically 3-stress free. We show that already the K5-minor freeness guar-
antees the stress freeness. More generally, we prove that every Kr+2-minor free graph
is generically r-stress free for 1≤r≤4. (This assertion is false for r≥6.) Some further
extensions are discussed.

1. Introduction and results

Gluck [6] has proven that triangulated 2-spheres are generically 3-rigid. His
proof is based on two classical theorems: one is Cauchy’s rigidity theorem [3]
(for convex 3-polytopes), the other is Steinitz’s theorem [17] which asserts
that any polyhedral 2-sphere is combinatorially isomorphic to the boundary
complex of some convex 3-polytope. Whiteley [18] has found a proof of
Gluck’s theorem which avoids convexity, based on vertex splitting. This proof
inspired our main result, Theorem 1.2 below.

It is easy to see that a graph with n vertices and 3n−6 edges is generically
3-rigid iff it is generically 3-stress free. Thus, Gluck’s theorem can be stated
as:

Theorem 1.1 (Gluck). Planar graphs are generically 3-stress free.

Bearing in mind Kuratowski’s theorem [9], we show that already the K5-
minor freeness guarantees the 3-stress freeness, and more generally:
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Theorem 1.2. For 2≤r≤6, every Kr-minor free graph is generically (r−2)-
stress free.

The proof is based on contracting edges which possess a certain prop-
erty. It makes an essential use of Mader’s theorem [12] which gives an upper
bound (r−2)n−(r−1

2

)
on the number of edges in a Kr-minor free graph with

n vertices, for r≤7. Indeed, Theorem 1.2 can be regarded as a strengthening
of Mader’s theorem, as being generically l-stress free implies having at most
ln−(l+1

2

)
edges (as the rank of the corresponding rigidity matrix is at most

ln− (
l+1
2

)
, see Section 2). This also shows that Theorem 1.2 fails for r≥8,

as is demonstrated for r=8 by K2,2,2,2,2, and for r>8 by repeatedly coning
over K2,2,2,2,2 (e.g. [16]). It would be interesting to find a proof of Theo-
rem 1.2 that avoids using Mader’s theorem (and derive Mader’s theorem as
a corollary).

Problem 1.3. Must a graph with a generic (r−2)-stress contain a subdi-
vision of Kr for 2≤r≤6?

The answer is positive for r=2,3,4 as in this case G has a Kr minor iff
G contains a subdivision of Kr ([5], Proposition 1.7.2). Mader proved that
every graph on n vertices with more than 3n−6 edges contains a subdivision
of K5 [13]. A positive answer in the case r=5 would strengthen this result.

A graph is linklessly embeddable if there exists an embedding of it in R3

(where vertices and edges have disjoint images) such that every two disjoint
cycles of it are unlinked closed curves in R3. As such graph is K6-minor free
(e.g. [15], [11]), combining with Theorem 1.2 we conclude:

Corollary 1.4. Linklessly embeddable graphs are generically 4-stress free.

Let μ(G) denote the Colin de Verdière’s parameter of a graph G [4].
Colin de Verdière [4] proved that a graph G is planar iff μ(G)≤3; Lovász
and Schrijver [11] proved that G is linklessly embeddable iff μ(G)≤4. While
we have seen that Theorem 1.2 fails for r≥8, we conjecture that Theorem 1.1
and Corollary 1.4 extend to:

Conjecture 1.5. Let G be a graph and let k be a positive integer. If μ(G)≤
k then G is generically k-stress free.

For k=1,2,3,4 this is true: Colin de Verdière [4] showed that the family
{G :μ(G)≤k} is closed under taking minors for every k. Note that μ(Kr)=
r−1. By Theorem 1.2 Conjecture 1.5 holds for k≤4. Conjecture 1.5 implies

μ(G) ≤ k ⇒ e ≤ kv −
(

k + 1
2

)
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(where e and v are the numbers of edges and vertices in G, respectively)
which is not known either.

This paper is organized as follows: Section 2 provides relevant background
in rigidity theory of graphs, Section 3 deals with graph minors, and in Sec-
tion 4 we prove Theorem 1.2.

2. Rigidity

The presentation here is based mainly on Kalai’s [7]. Let G = (V,E) be
a graph. Let d(a,b) denote Euclidian distance between points a and b in
Euclidian space. A d-embedding f : V → Rd is called rigid if there ex-
ists an ε > 0 such that if g : V → Rd satisfies d(f(v),g(v)) < ε for ev-
ery v ∈ V and d(g(u),g(w)) = d(f(u),f(w)) for every {u,w}∈E, then
d(g(u),g(w))=d(f(u),f(w)) for every u,w∈V . Loosely speaking, f is rigid
if any perturbation of it which preserves the lengths of the edges is induced
by an isometry of Rd. G is called generically d-rigid if the set of its rigid
d-embeddings is open and dense in the topological vector space of all of its
d-embeddings. Given a d-embedding f :V →Rd, a stress w.r.t. f is a function
w :E→R such that for every vertex v∈V

∑
u:{v,u}∈E

w({v, u})(f(v) − f(u)) = 0.

G is called generically d-stress free if the set of its d-embeddings which
have a unique stress (w=0) is open and dense in the space of all of its
d-embeddings.

Rigidity and stress freeness can be related as follows: Let V =[n], and
let Rig(G,f) be the dn× |E| matrix associated with a d-embedding f of
V (G) defined as follows: for its column corresponding to {v < u} ∈ E put
the vector f(v)− f(u) (resp. f(u)− f(v)) at the entries of the rows corre-
sponding to v (resp. u) and zero otherwise. G is generically d-stress free if
Ker(Rig(G,f))=0 for a generic f (i.e. for an open dense set of embeddings).
G is generically d-rigid if Im(Rig(G,f)) = Im(Rig(KV ,f)) for a generic f ,
where KV is the complete graph on V =V (G). The dimensions of the ker-
nel and image of Rig(G,f) are independent of the generic f we choose; we
call R(G)=Rig(G,f) the rigidity matrix of G. For the complete graph, one
computes rank(Rig(KV )) = dn− (d+1

2

)
(see Asimov and Roth [1] for more

details).
We need the following two known results:
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Theorem 2.1 (Asimov and Roth [2]). Let Gi = (Vi,Ei) be generically
k-stress free graphs, i = 1,2 such that G1 ∩G2 is generically k-rigid. Then
G1∪G2 is generically k-stress free.

Theorem 2.2 (Whiteley [18]). Let G′ be obtained from a graph G by
contracting an edge {u,v}.

(a) If u,v have at least d− 1 common neighbors and G′ is generically
d-rigid, then G is generically d-rigid.

(b) If u,v have at most d− 1 common neighbors and G′ is generically
d-stress free, then G is generically d-stress free.

Theorem 2.2 gives an alternative proof of Gluck’s theorem (White-
ley [18]): starting with a triangulated 2-sphere, repeatedly contract edges
with exactly 2 common neighbors until a tetrahedron is reached (it is not
difficult to show that this is always possible). By Theorem 2.2(a) it is enough
to show that the tetrahedron is generically 3-rigid, as is well known (Asimov
and Roth [1]).

Remark. Generic rigidity is equivalent to a certain property of Kalai’s sym-
metric algebraic shifting of the graph, see [8] and [10] for details. Kalai de-
fined exterior shifting as well; see [8] for details and references. Let Δ denote
the algebraic shifting operator, for both symmetric and exterior versions.
Theorem 1.2 extends to:
for every 2≤ r≤6 and every graph G, if {r−1,r}∈Δ(G) then G has a Kr

minor.

Details can be found in early version of this paper [14]. In relation with
Conjecture 1.5, we conjecture μ(G)≤ k ⇒{k +1,k +2} /∈Δ(K). The early
version [14] also discusses connections with embeddability into 2-manifolds.

3. Minors

All graphs we consider are simple, i.e. with no loops and no multiple edges.
Let e={v,u} be an edge in a graph G. By contracting e we mean identifying
the vertices v and u and deleting the loop and one copy of each double edge
created by this identification, to obtain a new (simple) graph. A graph H is
called a minor of a graph G, denoted H ≺G, if by repeated contraction of
edges we can obtain H from a subgraph of G. In the sequel we shall make
an essential use of the following Theorem of Mader:

Theorem 3.1 (Mader [12]). For 3≤r≤7, if a graph G on n vertices has
no Kr minor then it has at most (r−2)n−(

r−1
2

)
edges.
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Proposition 3.2. For 3≤r≤5: If G has an edge and each edge belongs to
at least r−2 triangles, then G has a Kr minor.

Proof. For r = 3 G actually contains K3 as a subgraph. Let G have n
vertices and e edges. Assume (by contradiction) that Kr ⊀G. W.l.o.g. G is
connected.

For r = 4, by Theorem 3.1 e≤ 2n−3 hence there is a vertex u∈G with
degree d(u)≤3. Denote by N(u) the induced subgraph on the neighbors
of u. For every v∈N(u), the edge uv belongs to at least two triangles, hence
N(u) is a triangle, and together with u we obtain a K4 as a subgraph of G,
a contradiction.

For r = 5, by Theorem 3.1 e ≤ 3n − 6 hence there is a vertex u ∈ G
with degree d(u)≤5. Also d(u) ≥ 4 (as we may assume that u is not an
isolated vertex). If d(u)=4 then the induced subgraph on {u}∪N(u) is K5,
a contradiction. Otherwise, d(u)=5. Every v ∈ N(u) has degree at least 3
in N(u), hence e(N(u)) ≥ 
3 · 5/2� = 8. But K4 ⊀N(u), hence e(N(u)) ≤
2 ·5−3=7, a contradiction.

Proposition 3.3. If G has an edge and each edge belongs to at least 4
triangles, then either G has a K6 minor, or G is a clique sum over Kr for
some r≤4 (i.e. G=G1∪G2,G1∩G2 =Kr, Gi �=Kr, i=1,2).

Proof. We proceed as in the proof of Proposition 3.2: Assume that K6 ⊀G.
W.l.o.g. G is connected. By Theorem 3.1 e≤4n−10 hence there is a vertex
u ∈ G with degree d(u)≤7, also d(u)≥5. If d(u) = 5 then N(u) = K5, a
contradiction. Actually, N(u) is planar: since N(u) has at most 7 vertices,
each of degree at least 4, if N(u) were not 4-connected, it must have exactly 7
vertices and two disjoint edges such that each of their 4 vertices is adjacent to
the remaining 3 vertices of N(u) (whose removal disconnect N(u)); but such
graph has a K5 minor. As K5 ⊀N(u), N(u) is 4-connected. Now Wagner’s
structure theorem for K5-minor free graphs ([5], Theorem 8.3.4) asserts that
N(u) is planar.

If d(u) = 6, then 12 = 3 · 6− 6 ≥ e(N(u)) ≥ 4 · 6/2 = 12 hence N(u) is a
triangulation of the 2-sphere S2. If d(u)=7, then 15 = 3 ·7−6≥ e(N(u))≥
4 · 7/2 = 14. We will show now that N(u) cannot have 14 edges, hence it
is a triangulation of S2: Assume that N(u) has 14 edges, so each of its
vertices has degree 4, and N(u) is a triangulation of S2 minus an edge. Let
us look to the unique square (in a planar embedding) and denote its vertices
by A. The number of edges between A and N(u)−A is 8. Together with the
4 edges in the subgraph induced by A, leaves two edges for the subgraph
induced by N(u)−A={a,b,c}; let a be their common vertex. We now look
at the neighborhood of a in a planar embedding (it is a 4-cycle): b,c must
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be opposite in this square as {b,c} is missing. Hence for v∈A∩N(a) we get
that v has degree 5, a contradiction.

Now we are left to deal with the case where N(u) is a triangulation of S2,
and hence a maximal K5-minor free graph. If G is the cone over N(u) with
apex u, then every edge in N(u) belongs to at least 3 triangles in N(u). By
Proposition 3.2, N(u) has a K5 minor, a contradiction. Hence there exists a
vertex w �=u, w∈G\N(u). Denote by [w] the set of all vertices in G connected
to w by a path disjoint from N(u). Denote by N ′(w) the induced graph on
the vertices in N(u) that are neighbors of some vertex in [w]. If N ′(w) is
not a clique, there are two non-neighbors x,y∈N ′(w), and a path through
vertices of [w] connecting them. This path together with the cone over N(u)
with apex u form a subgraph of G with a K6 minor, a contradiction.

Suppose N ′(w) is a clique (it has at most 4 vertices, as N(u) is planar).
Then G is a clique sum of two graphs that strictly contain N ′(w): Let G1 be
the induced graph on [w]∪N ′(w) and let G2 be the induced graph on G\[w].
Then G=G1∪G2 and G1∩G2 =N ′(w).

Remark. In view of Theorem 3.1 for the case r = 7, we may expect the
following to be true:

Problem 3.4. If G has an edge and each edge belongs to at least 5 triangles,
then either G has a K7 minor, or G is a clique sum over Kl for some l≤6.

If true, it extends the assertion of Theorem 1.2 to the case r=7. By now
we can show only the weaker assertion

G has a generic 5-stress ⇒ K−
7 ≺ G,

by using similar arguments to those used for proving Theorem 1.2 (K−
7 is

K7 minus an edge).

4. Proof of Theorem 1.2

For r=2 the assertion of the theorem is trivial. Suppose Kr ⊀G, and contract
edges belonging to at most r−3 triangles as long as it is possible. Denote
the resulted graph by G′. Repeated application of Theorem 2.2 asserts that
if G′ is generically (r−2)-stress free, then so is G. In case G′ has no edges,
it is trivially (r− 2)-stress free. Otherwise, G′ has an edge, and each edge
belongs to at least r−2 triangles. For 2<r<6, by Proposition 3.2 G′ has a
Kr minor, hence so has G, a contradiction. For r=6, by Proposition 3.3 G′
either has a K6 minor which leads to a contradiction, or G′ is a clique sum
over Kr for some r≤4. In the latter case, denote G′=G1∪G2, G1∩G2 =Kr.
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As the graph of a simplex is k-rigid for any k, by Theorem 2.1 it is enough
to show that each Gi is generically (r − 2)-stress free, which follows from
induction hypothesis on the number of vertices.

Remark. We can prove the case r=5 avoiding Mader’s theorem, by using
Wagner’s structure theorem for K5-minor free graphs ([5], Theorem 8.3.4)
and Theorem 2.1. Using Wagner’s structure theorem for K3,3-minor free
graphs ([5], ex.20 on p.185) and Theorem 2.1, we conclude that K3,3-minor
free graphs are generically 4-stress free.
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[9] K. Kuratowski: Sur le probléme des courbes gauches en topologie, Fund. Math. 15

(1930), 271–283.
[10] K. W. Lee: Generalized stress and motion, in Polytopes: Abstract, Convex and Com-

putational (T. Briztriczky et al., eds.), (1995), 249–271.
[11] L. Lovász and A. Schrijver: A Borsuk theorem for antipodal links and a spectral

characterization of linklessly embeddable graphs, Proc. Amer. Math. Soc. 126 (1998),
1275–1285.

[12] W. Mader: Homomorphiesätze für Graphen, Math. Ann. 178 (1968), 154–168.
[13] W. Mader: 3n−5 edges do force a subdivision of K5, Combinatorica 18(4) (1998),

569–595.
[14] E. Nevo: Embeddability and stresses of graphs, arXiv: math.CO/0411009.



472 ERAN NEVO: ON EMBEDDABILITY AND STRESSES OF GRAPHS

[15] N. Robertson, P. D. Seymour and R. Thomas: Linkless embeddings of graphs in
3-space, Bull. Amer. Math. Soc. 28 (1993), 84–89.

[16] Z. Song: The extremal function for K−
8 minors, J. Comb. Th., Ser. B 95(2) (2005),

300–317.
[17] E. Steinitz and H. Rademacher: Volgesungen über die Theorie der Polyeder,

Berlin–Göttingen, Springer, 1934.
[18] W. Whiteley: Vertex splitting in isostatic frameworks, Struc. Top. 16 (1989), 23–

30.

Eran Nevo

Institute of Mathematics

Hebrew University of Jerusalem

Jerusalem

Israel

eranevo@math.huji.ac.il



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


